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A MONTE CARLO SAMPLER

by
C. J. Everett and E. D. Cashwell

ABSTRACT

Methods are given for sampling the standard proba-
bility densities arising in physical, chemical, and sta-
tistical problems, by means of machine generated "random
numbers." The probability theory underlying each device
{s briefly indicated. The collection is intended as a
reference work for Monte Carlo practice. No attempt is
made to quote original sources, and no claim to priority
{s intended in any case.

FOREWORD

In all cases, the density to be sampled is followed by a rule (R) for
choice of the variable, in terms of random numbers ro» Fpse-.» uniform on (0,1).
A justification (J) for the rule is usually given, frequently supported by var-
ious formulas (F). The indices D, C, R provide "key words" which may help in
locating a desired density, but details in this direction are omitted.

FORMULAS
h(u)
d =
Fl1.. i fg(u) f(u,v) dv
h(u)
h () fwh(w) - (W) + [ & fumay
g(u)
d U U‘V]
F2. o f P](v])dv]pz(vz)dv2 = é%- [ pl(vl)dv1 I Po(v,)dv,
{vl + v, < u.vi > 0} 0 0



u u u
z 3% f fluw)dv; = f(u,u) + I gaa f(u.v‘)dv] =0+ [ p1(v])dv1pz(u-v])
0 0 0
1

v n-
F3. Iv"'] e PVgy = (n-1)1b~" [1 - e'b"z (bv)i/i!‘;
0 0

0<v<w, b>0,n=1,2,3,...

) n-1
D, = I W1V gy = (1)1 b e P s, s, = z bi/ir
1 0
3 n-1 _-u i 2n-1 -v2
F4&. T(n) = f u e du=ZI v e dv ; n real > 0.
0 0 :

r(e) = /7, T(n+1) = nr(n), 2" r(3) (%)= roar(n).

For n = 0,1,2,..., T(n+1) = nt , 01 = 1.

I

= I‘(m)I‘(n)/I"(m+n); m,n real > 0.

1
F5. B(m,n)

vm'] (l-v)"’] dv = 2 I sinzm"l 0 coszn'] 0dé
0 0

n
F6. In‘{' uisf'] dyy = n? r(si)/r<1 + z s1>; s, real > 0.
{):’1‘ uy<l, uy>0} 1




) n
F7. V(u) = I I, dv, = u"/nt,
{}:’1‘ vy < u, \)i>0}
dV/du = u™1/(n-1)1 = Au)

F8. V(u) = | I, dv A2 NN-1 yrnga2y,
1 v

dv/du = 7V/2 N-1,0N=1 poynsoy o aqu)

Note. V(u) = ZwN/Z u /NP(N/Z) is the volume of the full sphere of radius u,

A(u) = ZnN/z /r(N/2) its area. Area of unit sphere is A(1)
= 2w /Z/P(N/Z) = I dR, where Q is the direction vector in N-space.
Q

F9. z(n) E;Sj-n ; n real > 1.
"1

z,(n) -2 (03T 5™ = (1 - 172" g

g,(n) = (25-1)7" = (1 - 1/2") g(n)
' 1

z(2n) = (-1)"1(2n)2" By /2(20)! 4 0 = 1,2,3...
= 1/6 By = -1/30 86 = 1/42 (Bernoul1i numbers)

z(2) = 72/6 z(4) = 7%/90 z(6) = 7°/945 z(3) = 1.2021..



.n
F10. Z Fy = 0 , where

1
Fy = 1/(a1 - ai) vee (ai-l - ai) -(a1+1-a1) see (an - ai), n>2.

Proof. For f(Z) = 1/(a1 - Z) seo (an -Z) , one has

n
(1/2xi) [ f(2)dZ = ZS Res (a;) , where C is any circle of radius R > max lagl»
¢ 1

and -Res (a;) = F;, as defined. But | l f(z) dZ | < 2R max | f(Z) | » 0.
¢

as R+ = (n>2)
F11. Lv"‘l av/(n7le¥ +1) = D (-1 (ady5™ i PN o W AP
1
= g, (4,n)T(n) , where g, (A,n) = z (-1)‘“1 1'\3/.1'n » 0 < A<]1, n > 1,
1

F12. | V"1 dv ae”V/(1 - 42 ) =

oV—-— 8

2, W8 Y250 [(2g-n)® W e BV gy < g (amirin),
1 0

where ¢ (An) = > A237l/(25-)", 0 <a<1,n> 1
1



F13. Kn(U) = g cosh No e~} cosh @ de; (0,=), N> 0

(a) Ky(u) = 172 I e~Ng-u cosh® g (trivial)

: s 2
(b) KN(u) = 2-(N+1) UN J X-(N+1) e-(x ux) dx (ee - 2X/u)
0

N 0
(c) Kytu) = JUALU__ [[(2 . qW1/2 W0 4y (cr, p12)
2 TN+ 172)

1
N
) ;rs];fr)« " 1/2) [ xr(2) (g Ly gul% i (v« 7))
0

(d) Ky(2v¥) = 271 W/2 f x-(W1) = (x5) o (from (b))
0

® ® n_l

—
F14. [ (-1 g-brke + 1 dx = f eV y(v21)2
0 1

dv

n-1
= (r(n/2)/r(8) (2/6) K, (B); mb >0  (cf. F13(c))




o
F15. l "L ax /{x7! e? A, 1)

S (-pitt g f -1 -ja Al
1

n-1 ® n-1
=22 (I‘(n/2)/1'(%)) 2 (~1)3*1 pd Kpep (J2) 7 (ja) £ sn,a> 0. (cf. Fl4)
1 2

F16. I vi-1 I\e'a\’/(l../\2 e-Zav) = ZAZj-l I o1 e'(zj'l)a" &
1 1

2j-1 .
ZA D(25-1)a* Db defined as in F3.

F17. f u"-1 Ky (u) du =
0

(ro e+ m) [ 62 - "% a L yHL g
1

- (r00) T+ WA T(n ) [ v (02 N gy
1




n-N _,.
(res) T(nen) 7 2% on + a))} g2 (1. p-l g
0

@G)Nn¢m}2“1uu+mﬁ(%#.u+g)

(F5)

= T(%) T(n + N) r(.“.%’l) 7 oN*1 p (M.Z‘Ll)
(F4)

- oN=2 r(D_E._N) r("_"z'_!‘_) : 0<N<n.

o 1
F18. Ey (u) = f vN etV gy « I N2 g-U/X gy,
1 0
O<u<* ,N=»0. Cf. [1].
F19. J oy Ey (u) du = I v g I W1 etV gy
0 1 0
cNM[ fmm)w=rm)/m+N-1);N>mn>0.n+N>L
1
D-INDEX
Discrete Densities
Di. p(v); v=0,1, 2, ... Discrete, v finite or countable,
Bernoulli (v = 0, 1)

D2. e~ 2 a¥ /vi Poisson

D3. P{f(v) = u} Density for value of a function

Da. II? Py (Vi) Vector density, independent variables

D5. P{f(vl...., vn) = u} f-value density, independent variables



D6. Cﬂ pY (1 - p)™U Binomial, drawing with replacement

07. Coo1p° (1-p)V° * Negative binomial

p8. (1-q) g} Geometric

D9. qv’ll(l + a)¥ Pascal

p10. (1 + 08) MB(as1 + aB)¥ x Polya (8 = 1, 1/2, 1/3, ...)

(1 +8)se-[1+ (u - 1)8)/u!

D11. (ni/nyte=enct) plnl...pf“f Multinomial, macrostate, particles in
' boxes.

D12. Cﬂ Cx_vlcm+N Hypergeometric, drawing without

replacement

D13. CE b°°&5b* k-1)s]ecoe*[c+{n-k-1)s Polya's urn

D14. 1/N (N=1)eee(N - n + 1) Random permutation

D15. 1/62 Random combination

D16. II? pi(vi) Random sequences of integers

Discrete Densities

D1. ESM!i v=20,1, 2,...

k
R. Set v =minlk; z p(v) > ro}
0 .

p2. p(v) =eda’vt ; v=0,1,2, ..., 2>0.

n
Rl, Set v = minln 3 za\’/v! > ro ea
0.

n
R2. Setv=-1+min[n;£11 ri<e'a>

J2. By C2, C7, F7, F3, we have



-\.
. -a _ n - n 1
[n? ry < g2 'zgi Vi 2 a,v; > 0}
. . n-1 .
= (1/(n-1)!)f°° W el gy = e :S al/il . cf. c22.
a 0

D3. q(u) = P{f(v) = u} = zp(v)

R. Sample p(v) for v; set u = f(v).

D4. p(v) = p(vy,e.epv ) = 7 py(vy)

R. Sample each pi(vi) for v;; set v = (Vl"°°’Vn)

D5. q(u) = P{f(vy,...,v.) = u} = zpﬂv])---pn(vn)
{f(v) = u}

R. Sample each pi(vi) for v;; set u = f(v],...,vn)

D6. q(u) = c" (1-p)"Y s u=0,1, ...,n, O<p<1.

R. Set u = number of Fsesesly such that rs < p.

J. For v; 0,1}, p3(0) = 1-p, p.(1) = p, F(v) = vyteeetyy,

one has P{f(vy,=+,v ) = u} = :E:P1(V1)'°°Pn(vn)

{v]+...+vn = U}




= ¢y (1-p)" . (05)

D7. p(v) Cz:} ps q\)'S s v=s, s+l, ..., 0<p<l, q = 1-p, s>1.

B. Set v = first n for which s of the random numbers Fyse..sl, are < p.

J. p(v) = ic::} ps°1 q(“'])'(s'])l . p is the probability of exactly s

"successes" occurring for the first time at the v-th trial.

Note. 1 = p5(1-q)~% = j;n ('S)('S'Lg (cs-w) p° (-q)¥
)

+u- + * -
2;” (s+u-1)- u.(s 1)s ps o = :E; ci*“ 1 ps o

= jz: Cv-s p° V" ES C 1 p> qV"S. Hence the term "negative binomial."

qv-l

D8. 9g(v) = % =1,2,3,..., 0<p<l, q = 1-p.

K 1. Set v =min {n; <P, N = 1,2,...}1 .
J1. Case s =1 of D7.

R 2. Set v = k, where k-1 < 2n r]/zn q<ks. k=1,2,...

J 2. The rule follows from D1 (with v = 1,2,...)

k

For, ES] g(v) = 1-qk. (We have replaced r, by ry = 1-r°).

D9. g(v) = av']/(1+a)v; v=1,2,3,..., a >0.

10




B 1. Setv =min {n; r, < 1/(1+a), n =1, 2, ...}
B 2. Set v = k, where k-1 < 2n r1/{zn a-an(1+a)} < k.

J. Special case. of D8, with p = 1/(1+a).

D10. h(p) = (1+a3)'1/3 (1%%)" 1-(1+B)--}1§1+(u-1)8) ’

h(0) = (1+a3)'1/3; u=0, i, 2, voopa>0,8=1,1/2, 1/3, ...
R, Define s = 1/8, p = 1/(1+aB). Set u =

- s+{first n for which s of the random numbers Fyseeesly, are < p}.
J. One finds that h(u) = C::} p> VS, where v = s+yu.

The rule follows from D7.

' n ne
D11. p(n],...,nf) = (n!/n]!---nf!) Py ee Pg s

U » 0, Ny + ..t Ne = n,. Pyt .o ¥t Pe = 1.
RB. One follows the steps:
L~N£0*m.””0+nﬁ1*t.

2. Set K = min Ik;}S: P; > rt’. Put '|+nK > Nye

3. If t <n, put t+1+t, return to (2). Otherwise exit with (n1,...,nf).

J. If Vyseeasv, are independent, each with density given by

n
vy = Ty eeuy f
pi(vi) = P-I, ---"pf

1



then the vector (Vys+-+»v,) has density P(Vyseeesv,) =

. - n_ v
pV]... pvf, where 22 pv] .o pvf (p]+...+pf) 1. Hence, the probability,

under this density, of the class C of vectors with ny components 1,
components f, is

n n
z p z p'l coe = (nl/n.I . nf!) p.‘.l coo pff’

veC veC
and the rule follows.
Note. The density q(u) for the sum u = Vyteettve is not easily expressed

(although easily sampled). Only for f = 2 do we have the connection with
the binomial D6.

cey nf

D12. p(v) = Cv Cg v/Cm+N, max (0,m-N) < v <min (m,M), M,N=1, 1 <m < MHN.

B, One follows the steps:

1. List the integers 1,2,...,M+N.
2. Put O»v, M+N»b 1-t.
3. Set K =min {k; k = br }, (k =1,2,...,b).
4. Delete Kth integer = ay of the remaining list. If ay < M, put vtl-v,
5. Ifv=M,orifv<M and t = m, exit with v. Otherwise, go to (6).
6. Put b-1+b, t+1-t and return to (3).

J.  One notes that ¢!l ch /cMN - pMpN . cmptteh

where P: = n(n-1).-+(n-r+1); i.e., p(v) is the chance of m drawings without
replacement yielding exactly v integers < M.

D13. p(k) = C b(b+s) "&(ﬁgzékj}?s%Niégj?%si-- (ct(n-k-1)s) .

k =0,1,2,--+,n, b,ce{1,2,3,...}, N=b+c, s =0,1,2,...

B, One follows the steps:

12




Put 0>k, 1 >t, b>b", N> N~

If rey < b“/N“, put k+1 > k, b” +s = b”; go to (3).

If ry > b“/N“, go to (3).

Put N“ + s » N° .

If t <N, put t+1=t, return to (2). If t = n, exit with k.

J. p(k) is the probability of drawing k black balls in n trials from an urn
initially containing b black and ¢ white balls (b+c = N), subject to the condi-

tion:

(c) On the t-th drawing, the ball drawn is replaced, and s more balls of

the same color as that drawn are added to the urn. (For s = 0, p(k)
is the binomial density).

D14. p(1) = 1/N(N=1):+«(N-n+1); 1 € n< N, II = (C],...,Cn) permutation of

1,...,N, "taken n at a time".

B 1. Follow the steps:

1.
2.
3.
4

5.

List 1,2,...,N.

Put 1-t, N»D

Set K = min {k; k > Drt, k=1,2,...,0}

Set Ct = K-th integer of remaining 1ist, and delete this integer from
list.

If t < n, put t+1»t, D-1+D, and return to (3).

Otherwise, exit with random permutation I = (Cl""’cn)'

B 2. (Forn= Nonly!). Follow the steps:

Cl BWw N =
e o s e e

Put T+A;,. .., NoAy (A; storage position)

Put 1-t, N-D.

Set K = min {k; k = Drys k=1,2,...,0}
Interchange contents of AD and AK. (if D # K)
If t <n, put t+1»t, D-1+D and return to (3)

Otherwise, exit with random permutation Il = (C],...,CN),

C.;

content of Ai‘

13



D15. p(c) = I/CE ;1<n<N,c= {C],...,Cn} unordered set of n integers from

the set {1,...,N}.

B 1. Follow D14, B 1, and take the set of integers {C1,...,Cn} in the permuta-
tion II' = (C1,...,Cn) there obtained.

B 2. Follow the steps:
1. PutO0->m 1>t

n>-C N-=D
If ry < C/D, put m+l-m; then set Cm = t; go to (3). If not go to (6).
If m<n, go to (4). If m=n, go to (9).
Put C-1-C, D-1+D; go to (5).
Put t+1-t; return to (2).
Put D-1-D; go to (7).
If C<D, go to (5). If C =D, go to (8).
Set Cm+] = t+1,...,Cn = N; go to (9).
Exit with random set c = (C],...,Cn) (arranged in order of magnitude).

W 00 ~N O 01 B W N

J. If m choices have been made through the t-th trial, (t = 1,2,...,N-1), one
accepts t+1 as the m+l-st choice with probability (n-m)/(N-t), where N-t is the
number of remaining candidates t+l,...,N, and n-m is the number of choices still
to be made from these candidates.

D16. I pi(vi)

K. Methods are given in [7, 8], based on "Poisson sequences of trials", for
producing random sequences of integers of stipulated asymptotic density.

C-INDEX
Continuous Densities
Cl. p(v) General density, continuous on open
interval, finite or infinite.
2. q(u)du = p(v)dv Change of variable.
c3. 2:? ai(v) Sum of positive terms, interpolated
_ densities.

14



ca.
Cs.
cé.

7.
cs8.
C9.

c10.
Cit.

2.
c13.

c14.
C15.
c16.
c17.

c18.

c19.

C20.

ca21.
c22.
c23.
C24.
C25.
C26.
ca7.
C28.
c29.

q(u) = $= PLF(V) < u}
Iy py(v;) dv,
q(u) = §= PLF(v,..pvy) S 0D
QKU) = F(u) A(u)

s(u), p(u), qlu), q-l(u)

p(v)

1/(b-a)

c°+c]v

c°+c.l\)+c2v2

um-'l

e
n -a.U
22 Foe "
1

n -a.u
PLE !
1
-a.u -a,u
1 2
B]e + Bze
DTV, n=1,2,3,...
vn']/(ev-1), n=2,3,...
2
u2n-1/(eu _-l)

2
Wen=lg-v , n=1,2,3,...

Re'R2

e’ , (0,

eV, (-=,%)

u?"“e‘uz, n=1/2, 3/2, ...

Density for value of a function.
Vector density, independent variables.
f-value density, independent variables.

Case n? pi(vi) = F(f(v]....,vn)) of C6.
Densities for v]+v2, ViV v2/v1

A general device.

Uniform.

Linear, disk radius

Quadratic, shell radius.

Power (m>0), sphere radius, completely
degenerate gas momentum.

Hyperbola

Power (m>0)

Pareto (m>0)

Exponential, Laplace I, decay time,
collision distance (free path A=1/a).

Difference of exponentials.

Exponential convolute.

Sum of exponentials (Bj>o).

Hyperexponential, residence times.
r-type, Erlangian

Planck type, Bose-Einstein, photons
Version of C23.

Gauss type, Rayleigh, Maxwell

Gauss type, n = 1.

Error function

Normal

Gauss type, Maxwell speed.

15



2
30. vl (eV -1), n = 3/2, 5/2, ...  Planck version.

C31. u"']/(eu-l), n=3/2, 5/2, ... Planck type.
c32. vn']e'v, n=12, 3/2, ... I'-type, Maxwell energy, fission
. spectrum.
C33. yA']zn"'](l/y) Power-log power.
21 -+P
c34. t"P ]e t T-version
C35. um']/(1+u)m+n B-types, "arc sin", powers of sin, cos.
Vm'] (]-\))n-]
sin?™1 g cos?™1 g
wmp-l (]_wp)n-l
N o
C36. exp -22 Vs N-normal, Maxwell velocity.
i
C37. p(Q),q = (“ﬁ""’uh) Uniform (isotropic) direction, point on
N unit N-sphere.
2 . . .
C38. F<\/z &;1 ) Radially symmetric density.
1
c39. V& lew/ab x2 density.
2
ca0, yN-le-x/2b x density, Rayleigh.
ca1. VNV/2-1-Nv/2b Mean square, xz/N.
2
caz. xN-1g-Nx7/2b Root mean square, sz/N.
N+1
C43. 1/7(1+t?/N) ° Student's t.
cad. 1/(1+t2) Cauchy
M+N
cas. P21 (amepny 2 Snedecor's F
c46. V" lemV/(1-0%e"2Y) Lemma for R8.
ca7. vn'le'bv, (1,) Lemma for R9.
c48. vn-lAe-av/]_AZe-Zav Lema for R 10.

16



C49. un']éN(u) Sch16milch, neutron diffusion

€50. un'1KN(u) 'Bessel

c51. ?-alu-bl Bilateral exponential, Laplace II.
cs2. bleaX Weibull

C53. u']exp {-(znzu)/Zb} Log normal.

2
c54. x'(""ﬂ)e'a /2x One sided stable, recurrence times.

C55. s(u) =] u; 0<uyu<1 Triangular.
2-u; 1€u<2

C56. cosh © Hyperbolic
C57. sinh ® Hyperbolic
c58. eBx/(HBx)2 Kahn, approximate normal.
a]-1 a2-1
C59. vy -y Difference of powers.
a;-1
i
C60. :z Fi y Power convolute.
C61. P(a"/a) Klein-Nishina total cross section.
See R 7C,D and R 14 for polarized
case.

Continuous Densities

cl.  plv); (é.b)

b -1 -1
p(v)dv, Py(v) = J p(v)dv. Set v = P N(r) or v = Pil(r)).
v

v
B. Define P(v) = I
a

2. q(u)du = p(v)dv; u = f(v) monotone

R. If preferable, sample p(v) for v; set u = f(v).

17



Note that p(v) = q(f(v)) du/dv. A similar rule applies to the n variable case,
with du/dv replaced by the absolute Jacobian Idet[aui/avjll of the transformation

u= f(v).

. J
C3. p(v) = 251 aj(v); (a,b), aj(v) > 0, J finite or infinite.

b

k
R. Define Aj = J aj(v)dv. Set K = min {k;251 Aj >r,}. Sample density

a
aK(v)/AK for v.

Note. This provides a quick way of sampling an interpolated density

P(V) = 0qpy(v) + appy(v), a5 > 0, 0y + 0y = 1.

C4. q(u) = gu-P{f(v) <u} = gﬁ'J p{v)dv; (a,b), p(v) density for v,
f(v)<u

P{f(v) < a} = 0 (always assumed!)
R. Sample p(v) for v; set u = f(v).

u
J. Since J q(u)du = P{f(v) < u}, q(u) is the density for the value u of the
a ,

function f(v).

|

R. Sample each pi(vi) for v;. Setwv = (v],...,vn)

cé. dﬂ=%aﬂﬁwp“wd<u'=%¢H?hWQ®ﬁ(mw,

f(v],...,vn) <u

pi(vi) density for v., i=1, «.., N

18



R. Sample each pi(vi) for v;. Setu = f(v1,...,vn).

C7. q(u) = F(u)A(u); (a,b), Ty py(vy) = F(F(vyseensvp) ) Alu) = dV/du,

V() = [ 1 av,.
fv)<u

R. Sample each pi(vi) for v;. Setu = f(v],...,vn).

Jo If vy has density pi(vi), and n? pi(vi) = F(f(v],...,vn)), where F(u) is a

function of one variable, and if moreover A(u) is defined as above, then con-
sideration of the one-parameter family of surfaces f(v],...,vn) = u leads to the
result

P{f(v) <u} = j H? pi(vi) H? dv; = Iu F(u)A(u)du.
fv)su a

The rule therefore follows from C6.

u
€8. s(u) = j pl(v1) pz(u-v])dv]; (0,), Py» Pp densities on (0,«)
0

00

p(u) = I p](v])v]'.I pz(\)ﬂu)d\).I 3 (0,2), Py» P, densities on (0,)
0

- ]

a(w) = [ By Jupylopu)dv; 3 (02), By, py densities on (o,%)
0

q](u) = j: p](v]) v]pz(v]u)dv] i (=o,o), P1s Py densities on (0,») and

(-=,°), respectively.
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R. In all cases. sample pi(u]) for vy, pz(vz) for v,. For s(u), set u = Vo3
for p(u) set u = Vv, for q(u) or q](u), set U = V,/vy.

J. In each of the functions f(vy,v,) = vy*+v,, Vi1V, V,/V,, One verifies that
1*72 1722 "17°2* "2’ "1
%U !’ p](v])dv] p2(v2)dv2 has the form of the corresponding density above.
f(v)su
Verification for vi+vy js given in F2.

C9. p(v) ;5 (a,b)

R. Define P(v), P](v) as in C1, and

r~1 p(a+(b-a)r)

f(r)
O<r=<l.

g(r) = r™] P, (b-(b-a)r)

(a) If f(r), in particular if p(v), is increasing, set

r. ifr, < f(r,)
u-= 1 2 1 v = a+(b-a)u

-] ]
£ (r,) if vy, > f(r))
(b) If g(r) is increasing, in particular if p(v) is decreasing, set

g if ro < g(r])
v = b-(b-a)u

g-](rz) if rz > 9(7‘])

J. For example, if f(r) is increasing, and we define the function

r if s < f(r)

F(r,s) =
£ s) if s > f(r)

on the unit square,

20



. v
then for p](r) =1= pz(s), we have J q(u)du =
0

J p](r)pz(s) drds = vf(v) = P(a+(b-a)v)
F(r,s)sv

a+(b-a)v
J p(v)dv , and the rule in (a) follows from C6, C2.

a
Note. The method is practical only if f, g are more easily invertible than

P, P], which is indeed true for all linear densities, and for quadratic
densities on certain intervals (Cf. C11,12). For details, see [2].

C10. p(v) = 1/(b-a); (a,b)

R. Set v = a+(b-a)ro. (c1)

C11. p{v) = C'](co+c]v); (a,b), ¢ * 0, C = (b-a) co+%-c1(a+b)}.

R. (a) 1If c]>0, set v

a + max ’(b-a)r], (b+a+2°oci]) r2-2(a+coc;1)|.

(b) If c]<0, set v = b- max l(b-a)rl, -(b+a+2c;1c])r2+2(b+coc{])l. (c9)

Note. For p(v) = 2v/(b2-a2), set v = a+ max ‘(b-a)r], (b+a)r2-2al. (c11)

or v a2+(b2-a2)r‘o|1/2 (C1) (radius, uniform circular disk).

c12. pv)

C'1p](v), py(v) = co+c1v+c2v2; (a,b), ¢, # 0,

C = (b-a) lco + %-c](b+a) + %-cz(b2+ab+a2)|, for certain intervals.
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3

R. (a) ‘If c2>0, pf(a)>0: or if c2<0, a<- %c]c£1, b < - %{a + ?’clcé])
a+(b-a)r1 if ry, < f(r])

set v = l
a+A(r2)~ if ry > f(r])

where f(r) = (b-a)C'] lp](a) + %-p{(a) (b-a)r + -:];-cz(b-a)2 rz .

-% -0 + sgn c2¢h2+12c§] (3g3 s-p](a))l

A(s)

and o = 3(a + %—c]cé])

1

(b) If >0, p{(b) < 0; or if c,<0, b > - %—c]cé , a2 - %{b + %-c]cé]),

[b-(b-a)r] if ro < g(r])

set v =
b-u(rz) if ry > g(r])
where g(r) = (b-a)C'] 'p](b) - %-pf(b)(b-a)r + %-cz(b-a)zrzl,
u(s) = %- B+sgn ¢, v 82+]2c£] (ng s-p](b)) }

and B = 3(b + %-c]cé]). (C9)
Note. The method, when applicable, is indicated if Cl1 involves a difficult

cubic. For p(v) = 3v2/(b3-a3) (radius, uniform spherical shell), C1 sets

1/3
v = a3+(b3-a3)rol , whereas C12 sets



' a+(b-a)r,  if r, < f(r,)
a+A(r2) ifry, > f(r]) » Where

£(r) = {3a%+3a(b-a)r + (b-a)? 2}/ (bP+ba+a’) = Aer(B+rl)

A(s) = %-[-3a + Jh(b2+ba+a2)s-3;21 =D+ Es-F; A,...,F stored.

Machine times should be compared. For a = 0, see also C13, m = 3.

€13. q(u) = m™™™ 1 (0,b), m = k/2, k, % €{1,2,3,...}

b (max {r1.---,rk})2

K. Set u =
Jo FOY‘,Q,=],m=k, ]et pi(\)i) E-I' 1 =1’...’k’ and f(\)) -
u
b max {vy,...yv e Then | I p(vi)dv, = bRk = [T kb oK1 ay,
1 k 1 PiiVi79Yy o

f(v)su
and the rule follows from C6. For £> 2, and u = b]'z vl, note that

q(u)du = kb'kvk-]dv, which reduces the second case to the first.

C13A. q(u) = C']um'1; (a,b), m real >0, C = (b"a")/m, a > 0.
i 1/m
R, Set u = {am+(bm-am)ro} . (c1)

Note. Form = 1/2, a = 0, this gives the rule of C13.

1 -1

Cl4. q(u) =C u"'so<a<u<b<eo, C=gn(b/a)

Cro
B. Set u=ae - (C1)
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1

C15. p(v) = me" v"™'; o<ev<e, m = 1/2, 1, 3/2, 2, ...

R. Form=1, 2, 3, ..., set v = B/max {r1,...,rm}.

For m= 1/2, 3/2, ..., set v = g/(max {r],...,rzm})z.

J. For v = u'], one finds p(v)dv = m(1/g)™™ um'l(-du), o<u<1/8.
and the rule follows from Ci3.

C15A. p(v) = ¢! v'm']; 0<B<u<o<, m real > 0, C = (8 "-a"™)/m.

B, Setv = 1/{a™(s™aMr /M (c1)

Cl6. qly) = m(y+1)'(m+1); (0,2), m real > o.

K. Set y = v-1, where v is obtained from C15 or C15A with B = 1.

1

J. For y = v-1, one has q(y)dy = mv™™ 'dv, T<y<e, (C1)

C17. p(v) = ae”?Y; (o0,»), a>o.

R. Set v = -a~| &n "o (c1)

a a2 ( -a.lu -azu)

c18. q(u) =.a;-a] e -e s (0,%), 0<a,<a, real.

1

- -1 -
R. Set u = -(a] wnory ta, on r2)

“a B
J. For p1(v]) = ae s p2(v2) = a,e on (0,»), one

u
finds j p](v]) pz(u-v])dv] = q(u) above. The rule follows from C8(s), C17.
0
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n
(a]...an) 'aiu

1 (ay=ay)--layg-ag)-(agq-a)---(ay-ay)

c19. q(u).=z

a;>0, distinct, n = 2.

. "
=. -1
R. Set u :551 C n ry.

-3,V
J. The relation q(u) = gﬁ' J H? a e i
Yooy <

v u

1 i
using C18 as a basis. If F? denotes the above coefficient of e
tion step requires that (C8)

Uen . -a;v -a_ 1 (u-v) +1 -a.u
I 251 F?e T dv 3,418 ntl = E F™ e 1. This result follows at
o

dv.I may be proved by induction,

'aiu
,» the induc-

1

once from an identity proved in F10.

n -a.u
€20. p(u) = 251 Bj e Y3 (0,%), Bj > 0.

1

R. Set K = min and u = -ai & ry. (c3, C17).

k
k; ES](Bj/aj) > Yo

21, plu) = (2a%/1)e~ 2/ Tup((1-2)%/7) ~2(1-30/T, (4 ) 150 , o<a < 1/2.

B.  Define B, = 2a%/t, a; = 2a/1, B, = 2(1-a)%/1, a, = 2(1-a)/1,
whence B]/a] = a, Bz/a2 = (1-a). Set K (=1 or 2) and u as in C20.

c22. qlu) = un']e'u/r(n)3 (0,2}, n = 1,2,3,...

R, Set u = -n H? ri.
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. "\)1- . n
J. For pi(“i) =e ', (0,°), and f(v) = ZS] Vi, We have

d

u
du H? Pi (Vi) II? d\)i = %J l e‘f(\)) H d\) %_J -u A(U)du
f(v

f(v{ <u
= e Ua(u) = e'yun']/(n-1)! = q(u) where A(u) = dV/du

and V = J m dv. = un/n! as in F7. The rule follows from C7, C17.

c23. p(v) = V" 1/(e¥-1) z(n) T(n); (0,®), n = 2,3,4,...

K. Set K = min

k
ks :E; "= roc(n)l, v= K" mr

J. Since p(v)dv = EST (;""/z(n)) l(ju)n']e'jv d(jv)/r(n),, the rule follows

from C3, C22, C2. (Noted for n = 4 by C. Barnett, E. Canfield of LRL.)

2
c24. plu) = 2" V(e -1) z(n)T(n); (0,), n = 2,3,4,...

B. Set v as in C23, and u = A~ . (C2)

2
25. p(v) = 202" 1e™V /r(n); (0,0), n = 1,2,3,...

R. Setv={-tn1I} ri}]/2 (c2, €22)

-RZ
€26. p(R) = 2Re”™" ; (0,)

B. Set R = {-tn r}V/2 (c25)
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2
Y
ca7. p(v1) = 2e 1//E_'; (0,o) (See also R12)

B 1. Set vy = R cos 8 v, = R sin 8, where R = (-2n ro)]/z, 6 =%ry.

(Two independent samples Vis V,p are obtained.)

J1. Under the indicated transformation,

2
2 "V 2 V3 . _g? 2
— e dv] ¢ — e dv2 = 2Re dR - =d8. The rule follows from C2, C26.
VT - YT T

R 2. Obtain S = ri+rs <1 as inRl. Set
vy = {(-2&n \f‘o)/S}]/2 rys Vo = {(-2n 1r'o)/S}]/2 Foe (Two samples)

B 3. Obtain S = r$+r§ <1 as inRl. Set

vy = {(-2n S)/S}]/2 rys Vo = {(-2n S)/S}V2 ro.  (Two samples)

J3. Under the transformation (v1,v2) — (p,0):

vy = R cos 6, vy = R sin 8, R = {-2 2n 0}1/2 s
2

-v -V -
one finds -EL-e ]dv] 2 e 2 dv2 = ﬂ-p dp d6. To sample the latter is to
/v Jm ™

sample the unit disk in quadrant I, uniformly in area, and this is just what Rl
does. The method avoids the additional o of B 2. (Box, Muller, Marsaglia.)

c28. po(v]) = e ]//i'; (-»,@) (See also R12)

B 1. Set 2 R cos 6, vy = R sin 6, where R = (-2n ro)]/z, g = an].

B 2, Obtain S<1, x, y as in R3, B 3. Set
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1/2

\)-I = {(-ln Y'o)/S} X \)2 = {(_zn ro)/s}'I/Z y.

B 3. Obtain S<1, x, y as in R3, B 3. Set

v = {(-2n s)/sy/% x, v, = {(~2n s)/sy/2 y.

J. Cf. C27.

Note. Two independent samples Vis Vv, are obtained in each rule.

2
29. p(u) = 2®™ 1 eV rn)s (0,%), n = 172, 3/2, 5/2, ...

2
R, Define h = n-1/2 (h = 0,1,2,...). Sample 2e"' //7 for ('r)2 by any of the
rules in C27. (Two samples. Save one. Avoid squaring square roots!). Set

u= I-zn H? ry +(T)2l]/2

2
-V
J. For p.(v;) = 2e //mon (0,0), i =1,...,2n, and

2 o' 2n 2n _-f2(v)
f(v) = {251 Vs , one has " p,(v;) = 2" e /M,

A = %ﬁ' f n?" dv; = " u2"'1/22"'1 r(n), (F8), and hence the rule follows
f(v)u
from C7, C27.

2
€30. p(v) = 20" 1/(eV -1)z(n)r(n); (0,%), n = 3/2, 5/2, ...

R. Set K = min

k
ks ZS] N> o c(n)], h = n-1/2.

2
Sample 2e™% //7 for (-r)2 by C27 (two samples, save one. Avoid squaring

square roots.) Set
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v = (K[ -%n n? r1+(1)2]}]/2. (C3, C29. Cf. C23)

c31. p(u) = u" /(e -1)g(n)r(n); (O4), n = 3/2, 5/2, ...

R, Obtain (v)2 as in €30. (Avoid squaring the square root!) Set u = (v)z.

€32. p(v) = WV le™V/n(n); (0,@), n = 172, 3/2, 5/2, ...

R. Obtain (u)2 as in €29. (Avoid squaring the square root.)
Set v = (u)z. (c2, €29).

c33. gly) = AWMV an™asy)/rin); (0,1), A> 0,0 =1/2,1, 3/2, 2, ...

/A

B. Set y = e ™", where x is the u of €22 or the v of C32.

3. g(y)dy = X" TeX(-dx)/T(n).  (C2)

1 4P
c34. a(t) = pt"" et r(n); (0,®), p real > 0, n = 1/2, 1, 3/2, 2, ...

R. Sample x"'le'x/r(n) for x on (0,») by C22 or C32.
set t = x'/P.  (C2) For p = 2, cf. C25, C29.

€35. b(u) = ™1/ +)™" . B(m,n); (0,%)

p(v) = V1 (1-v)"T/B(m,n);  (0,1)

a(6) = 2 sin®™? g cos®) g/B(m,n);  (0,7/2)

cw) = p™ 1 (1-wP)"V/B(myn);  (0,1), p real > 0

m,n {1/2, 1, 3/2, 2, ...} in all.
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. -v -v
R. Sample pl(v]) = v? 1e 1/P(n), pz(vz) = vg 1e 2/I‘(m)

for vy, v, on (0,») by €22 and/or C32. Set u = Vo/Vys v = u/(1+u),

8 = arc sin /4, w = v]/p. (The densities are equivalent under the last 3
substitutions.)

J. The rule follows from C8(q), since

fm p1(v1) v]pz(uvl)dv] = b(u) above. Note. The same rule results from the
o

2
equivalence TT%T'Ezn-] et dt . f%ﬁn-nzm'] e dn =

2m-1 2n-1

2
2 pz(""m)']e'p dop - 2__ sin 8 cos o de.

T(m+n) B(m,n

Note. Forn=1,m=1/2, 1, 3/2, 2, ..., see C13.

For n = 1/2, observe that q(8) = 2I'(m + %0 sin 2m']e//ﬁ’r(m),

2

m=1/2,1, 3/2, 2, .... Forn=1/2 = m, set 6 = ;-ro, v = sin 79, etc.
-N/2 N o
C36. p(v],...,vN) =T exp - ES] Vi3 = ® <V <@, N=1,2,...

R. For N = 2h, obtain (v1’v2)""’(v2h-1’v2h) from C28.

For N = 2h+1, obtain also (v2h+],v2h+2) from C28 (save v2h+2). (C5)
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Note. The density of the value u of the function
N \1/2 2
f(v) = <;£ v?> is 2uN'.| e ¥ /r(n/2) (Cf. C40).
1 .

1

c37. p(R) = r(N/2)/2xV/?

R. Set VyseeeaVy S 1nA036, and Q = (“ﬁ""’wN)’

N ) 1/2
where w; = vi/p. p = <:S1 Vi) .

2,2 _

Note 1. In C28 (the source of the ”1)’ observe that Vitv; = -2n v or

-%n §; this saves time in computing p.

Note 2. The rule determines a uniformly distributed direction Q in

N-space; equivalently, a point on the unit sphere [2] =1  (F8).
See also R3, 4, 5.

. N 1/2
C38. p(E],...,EN) = F(u); u = <:E] E%> » "® < gy <@,

R, Sample q(u) = 2wN/2 uN'1 F(u)/T(N/2) for u on (0,»).
Sample unit sphere |2]| = 1 for Q by C37. Set Eq = Uwy.

N u
J. [ P(Eys-- o) T dEy = [ F(u) Awau (58, C7)

N L\1/2 0
(&5 4)"<

Note. For F(u) normal, use C36.

N
-1
c39. q(u) =uZ e W2,00)N2 1(n/2): (0,), b50, N = 1.,2,3,...

R. Sample w/2-1 e "/T(N/2) for w on (0,2) by C22 or C32.
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Set u = 2bw. (c2).

N
Note. q(u) is the density of the value of u==x2= :E% v?, defined in
d N Vi .
statistics as a5 J II1 e dvi, - ® <V <o, which may be
/21b

ZS? v§ Su

evaluated using F8, C7.

2
c40. p(x) = 2V e X 72,2002 1 (n/2); (0,%), b > 0, N =1,2,3,...

N/2-1

B. Sample w e W/r(N/2) by C22 or C32. Set x = v2bw. (C2)

Note. p(x) is the density for x = ESN v? .
1

NN/2 vN/2-1 e-Nv/Zb )N/2

C41. gq(v) = /(2b T(N/2); (0,), b > 0, N = 1,2,3,...

B.  Sample w21 e™W/r(N/2) by C22 or C32. Set v = 2bw/N  (C2)

N
Note. q(v) is the density of the mean square ES V%/N = XZ/N.
1

2
ca2. p(x) = aNV/2 N-1 o-Nx"/2b, 5\ N/2 nnsoys (0), b > 0, N = 1,2,3,...

N/2-1

R.  Sample w e™W/T(N/2) by C22 or €32. Set x = vZbw/N  (C2)

/N

N
Note. p(x) is the density of the "root mean square" v?

1

= AZ/N = /N .

N+
c43 = 1My o L =
- ay(0) =t Tv2) 1 k)T (), N2 1,23,
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N/2-1

R. Sample w e™Y/T(N/2) for w on (0,») by C22 or C32;

2
set x = (w/N)]/z. sample e //7 for y on (-=,») by C28. Set t = y/x.

J. nq](t) is the density for the function %/'N'] 25 v%} where the v, y
: 1
2
all have density e & /Zb/JEEB on (-=,»), For, using the density

-y%/2b
p(y) = e Y /€0, /5mb for y and the p(x) of C42

for x ']25 vi » one finds that jm p(x) xpo(tx) dx = q](t) above. The
0

result being independent of b, the rule follows from C8, C28, C42 (with 2b =

Cad. q(t) = 1/m (14t%) ; (~o0,)

R. Set t = tan-; (2r°-1), or t = y/x as in R2.  (C1)

Note. Compare with C43 (N = 1).

M 2 M+N

W2 27,0, —-F) B(M/2, N/2); (0,), M, N € {1,2,3,...

C45. q(F) = (M/N

. n-1.""1 m-1_"
R, Define m = M/2, n = N/2. Sample vy e /T(n), vy e /F(m)
for vy, v, on (0,») by C22 and/or C32. Set F = sz/Mv].

J. For F = Nu/M one finds q(F)dF = b(u)du as in C35.

N
Note. q(F) is the density for the function M 122 M /N ]ji V?’ where
1 J
all His Vg have density e~ /Zb//E_B on (-o,). Using the densities
qM(u), qN(v) of C41 for numerator and denominator, it is easy to verify

that Im qN(v)v qM(Fv)dv = q(F) above, independent of b. Cf. C8.
0

1).
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c46. q(v) = ¢ W he Y/ (1-0%e72Y); (0,%), O<A<T, n = 3/2, 2, 5/2, 3, ...

C = g (mr(n), g = 3 )" (s

. k . ‘
R. Set K = min {k; ES] AZJ']/(ZJ'-])n > rocu(A,n)}. Sample xn']e'x/r(n)

for x on (0,») by €22 or C32. Set v = x/(2K-1).

J. One can write q(v) = 251 {Azj']/(Zj-l)n cu(A,n)} .

(2j-1)nvn']e'(zj'])v dv/T'(n) and apply C3, C2.

c47. q(v) = D;]vn']e'bv; (1,), b>0, n = 1,2,3,...

n-1 .
D, = (n-1)t b™"% bsb, Sy ==§50 bi/it  (F3)

L .
B. Set L = min {&; 25 b'/it > r S} (0<l<n-1),
: 0

and v = l-b'] 2n H?'L rs

1

J. Under the transformation v = 1+b™ 'u, one finds q(v)dv = p(u)du

n-1 . .
Dg1b'"e'b(u+b)"" e Udy = 250 ISE]b1/i!l W11 e Udu/(n=i-1)1 , O<useo,

and the rule follows from C3, C22.

Note. The partial sums of Sb should be stored.

c48. qv) = D7V The™@V/(1-2%e723YY; (1,%), 0<A<I, n = 2,3,...,

o0

. 1,
_ 25-1 i} -n_-b I L D
D= ES] A5 D55 1yar By = (-1 b s, s, jzo bl/it  (F16)
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R. Compute and store partial sums S of

_N® ,25-1 1, 1y-n _-2ja : .
S = zg] A (2§-1)"" e S(Zj-l)a’ where Sy, 1s defined above.
Set K'= min {k; Sk = Sro}. Use C47, with b = (2K-1)a, to obtain v on (1,»).

c49. q(u) = ¢ E ()i (0,), B0, neNs1, 0 = 172, 1, 372, 2, ...,

EN(u) = j?v-Ne-uv dv, C = T'(n)/(n+N-1). (F18, 19).

R. Sample p](x) = (n+N-1)xn+N'2 for x on (0,1) by C13,
and pz(y) = y"']e'y/F(n) for y on (0,2) by C22 or C32. Set u = xy.

Q.CL

& f P (x)dx p,(y)dy =

1 u/x
Enil MLOLY | patay
Xy <u

1

1
= J p](x)dx X pz(u/x) = ¢! ! j 2 gmu/x dx = q(u) (F18).
0

o

The rule follows from C6. (Cf. C8p)

Note. For N =0, n = 3/2, 2, 5/2, ..., sample
q(u) = u™ -2 e Y/r(n- 1) for u on (0,») by C22 or C32.

C50. q(u) = C']un']KN(u); (0,0), N =0, 1/2, 1, 3/2, 2, ...,

n-N = 1,2,3,..., Ky(u) = J cosh Ne ¢4 cosh © 4o
0

¢ = 22 r(%Y) r(®Y. (F17)

B 1. Define H = (n-N)/2, J = (n+N)/2. Sample p](x) = xH']e'x/F(H)



and pz(x) = xJ'1e'X/F(J) for x, y on (0,») by C22 and/or C32.

Set u = 2(xy)]/2.

1n

]/2, we have q(u)du = C" 'u -1 KN(u) du

J1. “Transforming by u = 2v

n
.
= ¢l 2 ky(2v'/?) = Jm p](x)x-1 p,(x"V)dx (cf. F13(d)), and the rule
0
follows from C2, C8p.

Note. The Legendre relation 2"'] r(%) P(n§lé = r(%) I'(n) may be regarded

as a consequence of the above reduction!
- _ 1 _ JH-1 K-1
R 2. Define H = (n-N)/2, K= N + % . Sample p(g) = & '(1-g)" "/B(H,K)
_ JtN-1 -y
for £ on (0,1) by C35, and pz(y) =y eV /T(n+N) for y on (0,») by C22.

Set u = yg]/z.

2 n=N-1 g 2172

J2. Define p](x) = BEK) Then by F13, we may write

1
q(u) = J p1(x)x'1 p2(x']u0dx = gﬁ' I p](x)dx pz(y)dy. Hence, we can sample
(o}
Xy su

p](x) for x on (0,1) and pz(y) on (0,»), and set u = xy, by C8p. But for

X = 51/2, we have p](x)dx = p(&g)de, as defined above; so we may sample p(&)

1/2.

for £ on (0,1) and set x = & The rule follows. (Noted by Kalos [11]

for n = N+2.)

c51. q(u) = (a/2) exp-alu-b]; (-»,»), a >0, ~» < b < o,

-1

R, Set u = bta” " 2n r_, the signs being equally likely. (C2, C17)

0’
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b
£(x) = abx?~! 73X 5 (0,%), a,b > 0.

P {v1+v2 <uy} =

c52.
R. Set x = exp{b'] zn(-a'] n ro)} . (c2, €17)
£53. q(u) = u” exp{-(anlu)/2b}/(2m0)/2; (0,%), b > 0.
2
R, Sample e”> //7 for v on (=~e,») by C28. Set u = evVﬁB.
2
J. For u = evJ?E, one has qlu)du = e™ dv/v/7 . (c2)
2 .
Note. Since q(u) = - J e /2 4x/(2mb) /2, q(u) = - Ple* < u)
eX <y
~x2/2b 1/2
under the density e /(2mp) /=,
2n_-(n+1) -a2/2x n
C54. f(x) = a“''x e /2°T(n); (0,°), a >0, n=1/2,1, 3/2, 2, ...
B. Sample y"']e'y/r(n) for y on (0,») by C22 or C32. Set x = a2/2y. (c2)
C55. ﬁm=[ Ui O<u<i
2-uy; 1 <u <2
R. Set u = r1+r2.
J. For p](Ql) =1z pz(vz), v; on (0,1), it is geometrically obvious that

w2, 0<u<

1-(2-u)2/2; 1<u<?

Hence, ga-P {v]+v2 < u} = s(u), and the rule follows from C6.

C56.

o(8) = 57! cosh 65 (0,t), S = sinh t.
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Ri.

(K=1or2). For K=1, set 9

Define A, = (et-1)/2s, Ay

en {1+r](et-1)}. For K = 2,

set 6 = -2n {]-r(lae't)} (c3, C1).
B2.  Set 6 = n {sr, + V(sr )%} (c1)
c57. p(8) = ¢! sinh 05 (0,t), C = cosh t - 1
R. Set 8 = 2n {(Cro+1) + /(Cro+1)z-1}
J. The rule follows from C1. Note that the (+) sign is required,
since x = e’ >1 and a = (x+x'])/2 < (x+x)/2 = Xx.
C58. (x) = BeBX/(1+ePX)2; (-w,®), B > 0.
Y | -1
R. Set x = B zn(ro -1) (c1)
a.a a,-1 a,-1
_ 172 1 2 .
€59. ply) = a2y (y -y ) ; (0,1), 0 < a; < a,
- -1 -1
R, Set y = exp {ay” &n ry +a, &n ro}
J. For y = e ¥, one finds p(y)dy = q(u)du as in C18.
(agecay |
a;...a
C60. 1" %Y

n
p(y) = 21 (a]-ai)...ﬁi_]'ai)'(ai.}.]-a]’)“'Tan-ai) ;

(0,1), ay distinct, n > 2.
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. n
R. Set y = exp ES] a;] an r.
J. Fory=-eY, one has p(y)dy = q(u)du as in C19.
C61. P(a’/a)

R, A direct method is given in [5,6] for sampling the Klein-Nishina
differential cross section, based on C1, and an accurate fit for the inverse
of the associated probability distribution.

R-INDEX
Rejection Techniques

R1. cos 6, sin 08; p(8) = 2/m, (0,7/2)

R2. cos 8, sin 6, tan 6; p(0)
= 1/, (-m/2, m/2)

R3. cos 6, sin 6; p(e) = 1/2m, (0,2m)

R4, 0 = (w

] ’wz ’wa)

R5. Q= (w]’-'tsz)

R6. py(x) {P,(h(x))-P,(g(x))}

R7. p](x) h(x)

Re. w1/ 1e%+1); n = 3/2,1,5/2,2,...

n-1 e-b¢4§:;

R9. «x sy n=2,3,...

5
R10. x™ /(07 1edM 4 1) = 2,3,...

Uniform direction, quadrant I.

Direction in quadrants I, IV.

Uniform direction in plane, point on
unit circle.

Uniform direction in 3-space, point
on unit sphere.

Uniform direction in N-space, point on
unit sphere || = 1.

Density x distribution
Density x bounded function, various
versions R7A-D.

(NR) non-degenerate electron gas energy.

(R) extreme non-degenerate electron gas
momentum, Maxwell-Juttner.

(R) non-degenerate electron gas
momentum.
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R11. e 2E ginh /BE

2
R12. ™% /2

R13. P(a’/a, © )'

Rejection Techniques

Fission energy spectrum, Cranberg
density.

.Polarized Klein-Nishina.

Note. In all cases, the process is iterated until the stated condition

is satisfied.

Rl. cos 6, sin 6 for p(6) = 2/7 ; (0,7/2)

2 2

R, If S E'r] + ro <1, set cos 6 = r]/S]/z, sin 6 = rz/S]/ .

2

R2. cos 9, sin 6, tan 6 for p(6) = 1/7 ; (-w2,7/2)

2,2

B, If S = x"+y" € 1, where x

cos 6 = x/S]/z,'sin 0= y/S]/Z, and tan 8 = y/x

R3. cos ¢, sin ¢ for p(¢) = 1/2m ; (0,2w)

Rl. If S = x24:y2

cos ¢ = (xX-y?)/S . sin ¢ = 2xy/S

rs ¥ = 2r2-1, set

(x+0).

< 1, where x = Zr]-l, Yy = Tos set

(von Neumann)

B2. Use Rl to obtain cos ¢, sin ¢; change sign of each independently with

probability 1/2.

B3. IfS = x2+y2

set cos ¢ = x/S]/z, sin ¢ = y/S]

40

< 1, where x = 2r]-1, y= 2r2-1,



R4. Uniform direction Q = (w1,w2,w3) in 3-space

Rl. Obtain cos ¢, sin ¢ from R3. Set cos 6 = 2r3-1,
N 2 \1/2 .. .
sin 6 = +(1-cos“ 8)''“, 2 = (sin 8 cos ¢, sin 8 sin ¢, cos 6)
J1.  For spherical coordinates, p(6,¢)ded¢ =
1 . ] . I 1 _ 1
7 sin 8d6 + > do ; p](e)de = % sin ede = - E-d(cos 8) = - E'du’ -l<u<l.
R2. Obtain S, cos ¢, sin ¢ from R3. Set cos ©
= 25-1, sin 6 = +(]-cos2 6)1/2 , and Q as in Rl.
J2. The density actually sampled in R3 is p(p,8)dpd6 = pdpd6/7, with marginal
density p](p)dp = 2pdp. Under the latter, the density of S$= 02 is q(S) = 1
on (0,1). Hence, S may be used in place of rs in R1.

Note. If B3 of R3 is used, one avoids unnecessary square roots by setting

wy = X {5-1(1-cos2 e)}]/z, Wy =Y {S'q(l-cos2 e)}V2

R6. Uniform direction o = (“1""’wN) in N-space.

N
= ’ 2 = - = ]/2
R. If S = E] vy < 1, where vy Zri 1, set w; vi/S

Note. Efficiency = m/2/2%TNr(N/2) 0, Tess than 1/2 for N > 3.
(F8). See C37 for alternative.

R6. p(x) = A” Py (x) {Py(h(x))-P,(g(x))} ; (a,b), py(x) density on (a,b),

Pp(x) density on (c,d), P,(y) = Jy Po(yldy, ¢ < g(x) < h(x) <d.
Cc
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R. Sample p](x) for x on (a,b), and p2(y) for y on (c,d).

Accept x if g(x) <y < h(x).

b h(x)
'J. Since J pq(x)dx py(y)dy = Ja pq (x)dx J Py (y)dy

g (x)<y<h(x) 9(x)

b
= J p1(x) {Pz(h(x))-Pz(g(x))} dx = A, A is the probability of acceptance
a

(efficiency), and hence p(x)dx is the probability of an accepted x lying on
(xyx+dx).

R7. p(x) = A']pl(x)h(x) ; (a,b), p](x) density on (a,b), 0 < h(x) < 1.

R. Sample p](x) for x on (a,b). Accept x if ry < h(x).

J. Special case of R6, withc =0,d =1, pz(y) =1, g(x) = 0.
Efficiency = A.

Note. The method is useful in Klein-Nishina and Thomson (incoherent and
coherent) scattering modified by form factors. Due to the nature of the
latter, efficiency considerations make it advisable to take the Klein-
Nishina density for p1(x) and the form factor for h(x) in incoherent
scattering, whereas in coherent scattering, p](x) is based on the form

factor and h(x) on the Thomson cross section. For details, see a forth-
coming LA report on the MCP code, which incorporates the method referred

to.

R7A. p(x) = A" '-(b-a) '-p(x)/M ; (a,b), M = max p(x), A = 1/(b-a)M.

R. Accept x = a+ro(b-a) if ry < p(x)/M

J. Special case of R7, with p](x) = 1/(b-a) uniform, and h(x) = p(x)/M < 1.
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¢b
R7B. p(x) = k'1f(x) s (a,b), k>0, k = J f(x)dx
a

R, Accept x = a+r°(b-a) if ry < f(x)/D, where D = max f(x).

K VF(x)/k~ 1D = £(x)/D.

J. .Special case of R7A, with h(x) = p(x)/M

Note. If C = min f(x), then efficiency

b
£(x)dx/ (b-a)D > j {£(x)-C}dx/(b-a) (D-C).

b
A = 1/(b-a)M = k/(b-a)D = j
a

a

R7C. p(s) = kK 1F(0), £(4) = K-B cos® ¢ ; (0,27), K > B > 0.

Rl. Accept ¢ = ano if ry < f(o)/K.
J1. Special case of R7B. Efficiency = 1/2. (Note, R7B)
B2. Obtain cos ¢ from R3 and accept if next r < f(¢)/K.

Note. This density occurs in polarized Compton scattering, where
¢ itself is not required.

R7D. p(¢) = k™VF(s), £(¢) = K-S° (Q cos 2 ¢ + U sin 2 ¢)

[

K-H cos 2(0-00)5 (0,2m), H = SE(Q%U%) < K,

min f(¢) = K-H, D = max f(¢) = K+H

(]
m

Bl. Accept ¢ = ano if " < f(4)/D.

J1. Special case of R7B. Efficiency = 1/2 (Note, R7B)

R2. Obtain cos ¢, sin ¢ by R3; compute cos 2 ¢ = c052 ¢ - sin2 ¢ ,

sin 2¢ = 2 sin ¢ cos ¢. Accept if next r < f(¢)/D.
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Note. The density occurs in polarized Compton scattering, where ¢ itself
is not required.

R8. p(v) = cI' W l/(ateV41) 5 (0,@), 0< A<, n=3/2, 2 52,3, ...,
. 1

Gy = gylhm) T 4 gy m) = 2 (DI ).

RB. Sample q(v) for v on (0,») by C46; accept v if ro = A, or if
-V
A> s = fe 7,

1

J. One can write p(v) = c']h(v)q(v), where ¢~ ' = ;u(A,n)/;a(A,n),

£, (An) = 21 1571 /(235-1)", 0 < 1-8 < h(v) = 1-fe™ < 1, and

q(v) = N Ae'v/(l-Aze'zv) cu(A,n)P(n) is the density of C46. The rule

follows from R7.

-1 .n-1 e-b/x2+

-1 x 1. (0,®), b>0,n-=2,3,4,...,
n-1 n-1

(T(n/2)/T(1/2) K ,p (b)/b 2
v

R9. p(x) = E

N

E, =2 (F14).

1 n-1 e-bv

R. Sample q(v) = DB v for v on (1,») by C47; accept v with

n
-1
probability h(v) = 0-1/v2)§. . For accepted v, set x = (v2_1)1/2.

2 2

J. Under the transformation x“+1 = v%, one has

n
LU
2 (D-]vn']e'bvdv), and the rule follows

p(x)dx = p(v)dv = (EB]Db)(l-llvz) b

from R7.
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Note. For n = 2, h(v) = 1, acceptance is certain, and Db = Eb. For
n = 3, p(x) is the Maxwell-Juttner relativistic momentum density [ 3] .

7
R10. _B(x) = AT X"/ 1e* 1 4 1) (0y=), a>0,0<A<1, n=234,...

n-1
2

_ o . n-1
A= 2?2, (D3 ke T (F15).
2

'R, Sample g(v) for v on (1,») by C48. Acéept v if

n
- 1
o < (1-1/v2)§. (1-Ae'av). For accepted Vv, set x = (v2-1)]/2.

J. Under the transformation x2+1 = vz, one has p(x)dx = p(v)dv
n
-1 2.7 " 1 -avy — -
= DA« (1-1/V7) (1-Ae “7) q(v) for the q(v) in C48, and the rule follows

from R7.

R11. B(E) = ¢"'e 2F sinh /BE 5 (0,%), a,b > O.

B.  Define K = 1+(b/8a), L = a~ {k+/A%=1}, M = aL-1 > 0.

Set x = -2n rys ¥ = -8n ro. Accept x if {y-M(x+1)}2 < bLx. For accepted x,

set E

Lx.

J. The rule follows from R6 and C17. Let E = Lx for arbitrary L > 0.
Then B(E)E = p(x)dx = %.c-1LeaL-1.e-X.e-(aL-1)(x+1) (e/PLX_o /BTy,

= 1ol e X eI eh Xy 2 a1 b (x) 1Py (n(x))-P,(g(x)) Dex,
where M = al-T1, g(x) = M(x+1)=vbLx, h(x) = M(x+1)+/bLx,

X

- - Yy
p](x) =e 7, pz(y) =eY, Pz(y) = J p2(y)dy. The above choice of L insures
0

that g(x) = 0 on (0,»). For a check, let a = 3, b = 6. (After Kalos [10])
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2
R12. p(x) = V2/m e X /2;(0,“)

R, Set x = -2nry » ¥ = -2n ro Accept x if (x-])2 < 2y.

0=c, b=wo=4d, p](x) = 7%,

J. .Special case of R6, with a

po(y) = e, Py(y) = 1-e™Y, g(x) = (x-1)%/2, h(x) = =. Efficiency

A= (n/2e)V2 = .76

o 2
Note. For p(x) = (2w) /2 o~x /2 on (-=,») choose (%) sign for
accepted x above with probability 1/2.

R13. p(%— , ©) ; Polarized Compton scattering.

. A method of sampling the Klein-Nishina cross section for polarized photons
is given in [4]. This involves C61 and R7C,D. The fit used for C61
(cf. [5, 61) is an improvement on that given in [4].

Note on Statistics

In judging the reliability of a sampling procedure, the following test
may be useful. For a discrete density, pre-compute p; = p(i) for any desired

set of argument values v = i. For a continuous density, compute J 1 p(v)dv = P4
a.

for a suitable set of intervals (ai’bi)' Let the density p(v) be s;mpled N
times, according to the rule given, and tally the number fi of times the sample
v =1, or ve(ai,bi). Fixing attention on any one index i, this yields a
Bernoulli sequence of N trials, with fi the number of "successes", and P the

probability of success, q. = 1'pi the probability of "failure", in any one

i
sampling.

In this situation, the law of large numbers states that

Py = P{lfi/N-P1|<OPi} > 1'(qi/°2piN) + 1 while the central 1limit theorem

z 2
asserts that Py = ¢(p/p1N/qi)'+ZN, where ¢(z) = _Z__J e /zdz, and Z,, ~ 0.

/2m Jo N
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One may note that, insofar as a method is correct, its statistical reli-

ability depends only on the density itself.

10.

11.

12.
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